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Abstract. In this note we relate the valuations of the algebras appearing in the
non-commutative geometry of quantized algebras to properties of sub-lattices in
some vector spaces. We consider the case of algebras with PBW -bases and prove
that under some mild assumptions the valuations of the ground field extend to
a non-commutative valuation. Later we introduce the notion of F -reductor and
graded reductor and reduce the problem of finding an extending non-commutative
valuation to finding a reductor in an associated graded ring having a domain for
its reduction.
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Introduction
In the so-called non-commutative geometry of quantized algebras, some steps in
the direction of a divisor theory via non-commutative valuation rings have already
been taken; see Hussein and Van Oystaeyen (1996), Van Oystaeyen and Willaert
(1996), Willaert (1997), etc. Most of the algebras appearing in the theory of rings of
differential operators, quantized algebras of different kinds including many quantum
groups, regular algebras in projective non-commutative geometry, come equipped
with a natural gradation or filtration controlled by some finite dimensional vector
space(s), e.g. the degree one part of filtration or gradation.
In this note we relate the valuations of the algebras considered to properties of
sub-lattices in some vector space(s) as mentioned above. In the first section we
generalize some results from Li and Van Oystaeyen (1990) to Γ-filtrations, where Γ
is a totally ordered group. In Section 2 we consider the case of algebras with PBW -
bases and prove that under some mild assumptions the valuations of the ground
field extend to a non-commutative valuation. As an application we single out the
case of Weyl algebras, although the results of this section apply to a large class
of examples. In the last two sections we introduce the notion of F -reductor and
∗Correspondence: C. Baetica, University of Bucharest, Faculty of Mathematics, Str. Academiei
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graded reductor and reduce the problem of finding an extending non-commutative
valuation to finding a reductor in an associated graded ring having a domain for its
reduction.
Throughout this paper we use the notation in Van Oystaeyen (2000).
1. Valuation filtrations
Let R be a ring and Γ a totally ordered group. A family FR of additive subgroups
FγR, γ ∈ Γ satisfying
(i) γ ≤ δ implies Fγ ⊆ Fδ,
(ii) FγR FδR ⊆ Fγ+δR, for all γ, δ ∈ Γ,
(iii) 1 ∈ F0R,
is a filtration of type Γ, or a Γ-filtration on R. For a Γ-filtration FR we may define
the associated graded ring GF (R) = ⊕γ∈ΓFγR/F<γR, where F<γR =
∑
γ′<γ Fγ′R.
We say that FR is Γ-separated if for every a ∈ R, a 6= 0 there is a γ ∈ Γ such that
a ∈ FγR− F<γR. For Γ = Z the Γ-separatedness is equivalent to ∩n∈ZFnR = 0, see
Van Oystaeyen (2000, Remark 4.2.3), but for an arbitrary Γ the latter condition may
be strictly weaker than this. If FR is Γ-separated, then we may define the principal
symbol map σ : R −→ GF (R) by σ(a) = a mod F<γR whenever a ∈ FγR − F<γR.
The degree deg σ(a) = γ of σ(a) is uniquely determined. To FR one associates a
value-function vF : R −→ Γ ∪ {∞} defined by vF (0) = ∞ and vF (a) = − deg σ(a)
for a 6= 0. It is well known that vF is a valuation function on R whenever GF (R)
is a domain; see Van Oystaeyen (2000, Corollary 4.2.7). Furthermore, we have that
1 ∈ F0R− F<0R, or equivalently GF (R)0 6= 0.
All the filtrations we are dealing with are considered to be exhaustive, that is
∪γ∈ΓFγR = R.
Definition 1.1. If ∆ is a skewfield and Λ ⊂ ∆ is a subring, then Λ is a valuation
ring of ∆ if it is invariant under inner automorphisms of ∆ and for x ∈ ∆, x 6= 0,
either x ∈ Λ or x−1 ∈ Λ.
Proposition 1.2. Let R be an Artinian ring and FR a Γ-separated filtration on R.
Then the following are equivalent:
(i) GF (R) is a domain,
(ii) R is a skewfield and GF (R) is a gr-skewfield,
(iii) R is a skewfield, F0R is a valuation ring of R (with F<0R as unique maximal
ideal), Γs = {γ ∈ Γ : GF (R)γ 6= 0} is a subgroup of Γ and GF (R) is Γs-
strongly graded.
Proof. (i) ⇒ (ii) If GF (R) is a domain, then R is a domain; see Van Oystaeyen
(2000, Proposition 4.2.4). Therefore R is a skewfield, because it is Artinian. For
an element σ(aγ) ∈ GF (R)γ, we have aγ ∈ FγR − F<γR and hence aγ is invertible.
Stand aδ for its inverse. From the assumption 1 ∈ F0R − F<0R, it follows that
γ + δ ≥ 0. Necessarily we get γ + δ = 0, otherwise σ(aγ)σ(aδ) = 0 contradicts the
assumption that GF (R) is a domain. Thus δ = −γ and σ(aδ) is an inverse of σ(aγ).
(ii) ⇒ (iii) Since GF (R) is a gr-skewfield, it is in particular a gr-domain. As Γ is
a totally ordered group, GF (R) is a domain. By using again Van Oystaeyen (2000,
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Proposition 4.2.4) we deduce that the value-function vF associated to the filtration
FR is a valuation function on R whose valuation ring is F0R. The fact that Γs is a
subgroup of Γ and GF (R) is Γs-strongly graded is obvious.
(iii) ⇒ (i) GF (R) is strongly graded and GF (R)0 = F0R/F<0R is a skewfield, so
GF (R) is in particular a domain. 
Remark 1.3. If FR is a Γ-separated strong filtration, i.e. FγR FδR = Fγ+δR for
all γ, δ ∈ Γ, then Γs = Γ. In particular, the valuation function vF is surjective.
By Proposition 1.2 we get the following
Corollary 1.4. If ∆ is a skewfield and Λ ⊂ ∆ is a subring, then the following are
equivalent:
(i) Λ is a valuation ring of ∆,
(ii) There is a totally ordered group Γ and a valuation v : ∆ −→ Γ ∪ {∞} such
that Λ is the valuation ring of v,
(iii) There is a totally ordered group Γ and F∆ an exhaustive Γ-separated filtra-
tion on ∆ such that Λ = F0∆ and GF (∆) is a domain.
Proof. (i) ⇒ (ii) See Van Geel (1981).
(ii) ⇒ (iii) Set Fγ∆ = {x ∈ ∆ : v(x) ≥ −γ}, for γ ∈ Γ. Since v is surjective,
the filtration F∆ is Γ-separated. Furthermore, F∆ is a strong filtration and thus
GF (∆) is strongly graded with GF (∆)0 a skewfield. This is enough in order to show
that GF (∆) is a domain.
(iii) ⇒ (i) Easily enough. 
Corollary 1.5. Let FR be a Γ-separated filtration on a ring R. Then the following
are equivalent:
(i) GF (R) is a gr-skewfield and F<0R ⊆ J(F0R),
(ii) R is a skewfield, F0R is a valuation ring of R (with F<0R as unique maximal
ideal), Γs = {γ ∈ Γ : GF (R)γ 6= 0} is a subgroup of Γ and GF (R) is Γs-
strongly graded.
Proof. (i) ⇒ (ii) Let a be a non-zero element of R. Then there is γ ∈ Γ such that
σ(a) ∈ GF (R)γ. By hypothesis GF (R) is a gr-skewfield, hence there is b ∈ R with
σ(a)σ(b) = 1, that is ab − 1 ∈ F<0R. It means that ab is invertible, hence a is also
invertible. The other claims follow by Proposition 1.2.
(ii) ⇒ (i) Readily by Proposition 1.2. 
2. K-algebras with PBW-bases
From the preceding section we have seen how important is the Γ-separatedness for
Γ-filtrations. A wide class of algebras are known to possess Γ-separated filtrations
and among them we mention the K-algebras with a finite PBW -basis.
Throughout this section we consider K as being a field, Γ a totally ordered group
and v : K −→ Γ ∪ {∞} a valuation on K. We always assume that v is surjective,
hence Γ is a commutative group. Set Ov the valuation ring of K associated to v,
mv its unique maximal ideal and kv = Ov/mv the residue field. Then we define a
Γ-filtration f vK on K by f vγK = {x ∈ K : v(x) ≥ −γ} and we call it the valuation
filtration on K. This is an exhaustive Γ-separated strong filtration.
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Let A be an affineK-algebra generated by a1, . . . , an, K < X > the freeK-algebra
on the set X = {X1, . . . , Xn} and pi : K < X >−→ A the canonical K-algebras
morphism given by pi(Xi) = ai, i = 1, . . . , n. Restriction of pi to Ov < X > defines a
subring Λ of A, i.e. Λ = pi(Ov < X >). Denote byR the ideal of relations of A which
is obviously a two-sided ideal. If R is generated by p1(X), . . . , pd(X) as a left ideal,
then it is generated by p1(X), . . . , pd(X) as a two-sided ideal; see Hussein and Van
Oystaeyen (1996, Lemma 2.1). Then we may assume that each pi(X) ∈ Ov < X >
(up to multiplying by a suitable constant), but not all are in mv < X >. Since
R∩Ov < X > need not be generated again by the p1(X), . . . , pd(X) as a two-sided
ideal of Ov < X >, we may encounter reduction problems. We say that Λ defines
a good reduction of A (or that A reduces well at Ov) whenever R is generated (as
a two-sided ideal of kv < X >) by the residues pi(X), i = 1, . . . , d. For instance,
if Λ′ = Ov < X > / < p1(X), . . . , pd(X) > is a flat (equivalently, torsion-free)
Ov-module, then Λ is a good reduction of A.
The subring Λ yields a filtration F vA on A given by F vγA = (f
v
γK)Λ, γ ∈ Γ.
We call F vA the valuation filtration on A. Obviously, the valuation filtration F vA
is exhaustive. By Gv(A) we denote the associated graded ring to the valuation
filtration F vA.
The next result is Theorem 3.4.7 from Van Oystaeyen (2000).
Lemma 2.1. For a graded K-algebra A that has a finite PBW -basis, the valuation
filtration F vA is Γ-separated and strong.
This enables us to extend v to every graded K-algebra A that has a finite PBW -
basis. In the following we denote by A(k) the affine k-algebra defined by the same
relations as A, where k is a suitable field.
Theorem 2.2. Let A be a graded K-algebra with a finite PBW -basis and Λ ⊂ A
as before.
(i) If Λ = Λ/mvΛ is a domain and A is an Ore domain, then every valuation v
on K extend to Q = Qcl(A), the classical ring of fractions of A.
(ii) If Λ defines a good reduction of A, A(kv) is a domain and A is an Ore
domain, then every valuation v on K extend to Q.
Proof. (i) The associated graded ring Gv(A) is strongly graded with Gv(A)0 = Λ,
hence Gv(A) is a domain. By using Van Oystaeyen (2000, Corollary 4.2.7) we get a
valuation function on A. It turns out that this is an extension of v to A and then we
extend the valuation function on A to Q in the usual manner. All we have to do now
is to show that F vγA∩K = f
v
γK. It is clear that f
v
γK ⊂ F
v
γA∩K. For converse, pick
an element x ∈ F vγA∩K. Thus x ∈ (f
v
γK)Λ and x ∈ K, therefore (f
v
−γK)x ⊂ Λ∩K.
As Λ∩K = Ov, we get (f
v
γK)(f
v
−γK)x ⊂ f
v
γK. But (f
v
γK)(f
v
−γK) = f
v
0K = Ov and
it is enough to conclude that x ∈ f vγK.
(ii) Since Λ defines a good reduction of A, the ring Λ is isomorphic to A(kv), hence
it is a domain. Now we can apply (i). 
Corollary 2.3. Let Dn(K) be the skewfield of fractions of the Weyl algebra An(K).
Then every valuation v on K extends to Dn(K).
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Proof. Set A = An(K). Then A satisfies the conditions of Lemma 2.1 and thus the
valuation filtration F vA is Γ-separated. The associated graded ring Gv(A) is then
strongly graded with Gv(A)0 = Λ/mvΛ, where Λ is defined as above. Note that Λ
has also a finite PBW -basis over Ov. In particular Λ is Ov-flat, therefore it defines
a good reduction of A. Consequently we can apply Proposition 2.2(ii) in order to
get that every valuation v on K extend to Dn(K). 
For gradedK-algebras with a finite PBW -basis the associated graded ring defined
by the valuation filtration is a twisted group ring.
Proposition 2.4. If A is a graded K-algebra that has a finite PBW -basis, then the
associated graded ring Gv(A) is isomorphic to the twisted group ring Λ ∗ Γ, where
Λ = Λ/mvΛ.
Proof. The Rees algebra A˜ of A associated to the valuation filtration F vA is defined
by A˜ = ⊕γ∈ΓF
v
γA. Since Λ is Ov-flat, we obtain
A˜ = ⊕γ∈Γ(fγK)Λ ≃ (⊕γ∈ΓfγK)⊗Ov Λ = K˜ ⊗Ov Λ.
From Gv(A) ≃ A˜/A˜Γ
+ we get that Gv(A) ≃ K˜/K˜Γ
+ ⊗Ov Λ ≃ Gv(K) ⊗Ov Λ.
On the other side, Gv(K) is a commutative strongly graded ring with the trivial
action, therefore it is isomorphic to the twisted group ring kv ∗ Γ and thus we get
Gv(A) ≃ (kv ∗ Γ)⊗Ov Λ ≃ Λ/mvΛ ∗ Γ. 
In particular, for Weyl algebras we obtain
Corollary 2.5. Gv(An(K)) ≃ An(kv) ∗ Γ.
For a plenty of examples of algebras with a finite PBW -basis, the reader is referred
to Berger (1992) and Van Oystaeyen (2000, Observation 4.3.8).
Similarly to Hussein and Van Oystaeyen (1996, Proposition 2.3) we can prove the
following
Proposition 2.6. Let A be a graded K-algebra with a finite PBW -basis and Λ ⊂ A
as before. If A is a prime Goldie ring and Λ is a domain, then
(i) Q = Qcl(A) is a skewfield and F
vA extends to a strong filtration on Q such
that F v0Q is a valuation ring of Q containing Ov, that is v extends to Q.
(ii) Q′ = Qg(A), the graded ring of fractions of A, is a gr-skewfield and F vQ
induces a graded valuation on Q′.
3. Filtered and graded reductors
Let A be a K-algebra, K a field and FA an exhaustive separated Z-filtration such
that K ⊆ F0A. Suppose in addition that FA is finite, i.e. dimK FnA < ∞ for all
n ∈ Z. Since FA is finite and separated, it must be left limited, i.e. there is n0 ∈ Z
such that FnA = 0 for all n ≤ n0. Without loss of generality we may suppose that
the filtration FA is positive, that is FnA = 0 for all n < 0.
Let v be a valuation on K with the value group Γ, Ov ⊂ K the corresponding
valuation ring, mv its unique maximal ideal and kv = Ov/mv the residue field.
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Definition 3.1. Let V be a finite dimensional K-vector space and M an Ov-
submodule of V . Then M is an Ov-lattice in V if it contains a K-basis of V and is
a submodule of a finitely generated Ov-submodule of V . Usually, we will denote the
kv-vector space M/mvM by V .
Remark 3.2. For any Ov-lattice M in V we have dimkv V ≤ dimK V . When
equality holds we say that M defines an unramified reduction of V .
The next result deals with some elementary properties of Ov-lattices that we did
not find explicitly in the literature.
Lemma 3.3. Let V be a finite dimensional K-vector space, V ′ ⊂ V a K-vector
subspace and M ⊂ V an Ov-submodule.
(i) If M is an Ov-lattice in V , then the quotient module M/M ∩ V
′ is an Ov-
lattice in V/V ′.
(ii) If M/M ∩ V ′ is an Ov-lattice in V/V
′ and M ∩ V ′ is an Ov-lattice in V
′,
then M is an Ov-lattice in V .
Proof. (i) It is known that M ∩ V ′ is an Ov-lattice in V
′; see Fossum (1973, Propo-
sition 2.2(ii)). Then it is straightforward that M/M ∩ V ′ is an Ov-lattice in V/V
′.
(ii) Easy. 
The valuation filtration F vV on V defined by F vγ V = (f
v
γK)M is an exhaustive
filtration, but we do not know if it is Γ-separated or not. It is rather easy to see
that the valuation filtration is Γ-separated whenever M is a free Ov-module. This
happens, for instance, when Γ = Z. This shows that the discrete case can be handled
with ease.
Definition 3.4. Let A be a filtered K-algebra with a finite filtration FA and Λ ⊂ A
a subring. Then Λ is an F -reductor if Λ∩K = Ov and Λ∩ FnA is an Ov-lattice in
FnA for all n ∈ N.
We call the ring A = Λ/mvΛ the (filtered) reduction of A with respect to Λ. The
valuation filtration F vA on A is defined by F vγA = (f
v
γK)Λ, γ ∈ Γ, while the induced
filtration FΛ of FA on Λ is given by FnΛ = Λ ∩ FnA, n ∈ N.
Proposition 3.5. Let A be as before and Λ ⊂ A an F -reductor. We have
(i) A = KΛ and the valuation filtration F vA is exhaustive,
(ii) F vA is Γ-separated, provided that F v(FnA) is Γ-separated for all n ∈ N,
(iii) the induced filtration of F vA on FnA is the valuation filtration on FnA and
provided that it is Γ-separated we get Gv(FnA) = FnA ∗ Γ, where FnA =
FnΛ/mvFnΛ,
(iv) (FnA)n∈N defines a finite filtration on A, denoted by F A and GF (A) = G(A),
where G(A) = G(Λ)/mvG(Λ).
Proof. (i) Since FnΛ is an Ov-lattice in FnA, we have K(FnΛ) = FnA for all n ∈ N.
As FA is exhaustive we get KΛ = A. The valuation filtration f vK is exhaustive
and KΛ = A, therefore F vA is an exhaustive filtration.
(ii) In order to show that F vA is Γ-separated we first note that
(f vγK)Λ ∩ FnA = (f
v
γK)(Λ ∩ FnA) (1)
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for all γ ∈ Γ and n ∈ N. It is obvious that (f vγK)(Λ ∩ FnA) ⊆ (f
v
γK)Λ ∩ FnA.
The converse inclusion follows readily if one observes that the filtration f vK is
strong. To enter the detail, pick an element x ∈ (f vγK)Λ ∩ FnA. It follows that
(f v−γK)x ⊆ Λ ∩ FnA and therefore x ∈ (f
v
γK)(Λ ∩ FnA).
For any element x ∈ A, x 6= 0, there exists an n ∈ N such that x ∈ FnA.
Since the valuation filtration on FnA is assumed to be Γ-separated, there exists an
element γ ∈ Γ such that x ∈ F vγ (FnA) − F
v
<γ(FnA). By using (1) we obtain that
x ∈ F vγA− F
v
<γA.
(iii) By using (1) again we get that the induced filtration of F vA on FnA is the
valuation filtration on FnA. The crossed product structure of Gv(FnA) can be seen
in the same way as in the proof of Proposition 2.4.
(iv) Let us remark that mv(Λ ∩ FnA) = mvΛ ∩ FnA. This can also be obtained
by using (1). Then (FnA)n∈N defines a finite filtration on A; see Remark 3.2. It is
easily seen that GF (A) = G(A). 
It is a common strategy to deduce properties of A from properties of GF (A)
whenever possible, so let us focus on the graded situation for a moment.
Definition 3.6. Let R be an N-graded K-algebra with K ⊆ R0. Suppose that R is
locally finite, i.e. dimK Rn < ∞ for all n ∈ N and let Λ ⊂ R be a graded subring.
Then Λ is called a graded reductor if Λ ∩ K = Ov and Λ ∩ Rn is an Ov-lattice in
Rn for all n ∈ N.
The ring R = Λ/mvΛ is called the (graded) reduction of R with respect to Λ.
The valuation filtration F vR on R is similarly defined by F vγR = (f
v
γK)Λ, γ ∈ Γ.
A Γ-filtration FR on R such that FγR = ⊕n∈NFγR ∩ Rp, for all γ ∈ Γ is called a
graded filtration.
Proposition 3.7. Let R be as before and Λ ⊂ R a graded reductor. We have
(i) R = KΛ and the valuation filtration F vR is an exhaustive graded filtration,
(ii) F vR is Γ-separated, provided that F vRn is Γ-separated for all n ∈ N,
(iii) the induced filtration of F vR on Rn is the valuation filtration on Rn and
provided that it is Γ-separated we get Gv(Rn) = Rn∗Γ, where Rn = Λn/mvΛn,
(iv) R = ⊕nRn and Gv(R) = R ∗ Γ.
Proof. For (i) and (iii) we can argue similarly to the proof of Proposition 3.5, while
(iv) is rather obvious.
(ii) Pick an element x ∈ R, x 6= 0 and write x =
∑n
i=0 xi with xi ∈ Ri not all zero.
For each xi with xi 6= 0 we get an element γi ∈ Γ such that xi ∈ F
v
γi
Ri − F
v
<γi
Ri.
Assume that γ is the maximum of the γi. We claim that x ∈ F
v
γR − F
v
<γR. If
x ∈ F v<γR, then there is δ ∈ Γ, δ < γ, with the property that x ∈ F
v
δ R. Since
F vδ R = (f
v
δK)Λ, we can write x =
∑s
j=1 αjλj, where αj ∈ f
v
δK and λj ∈ Λ.
Each λj can be written as follows λj =
∑
n λjn, with λjn ∈ Λn, and thus we get
x =
∑
n(
∑s
j=1 αjλjn). In particular, xi =
∑s
j=1 αjλji and therefore xi ∈ (f
v
δK)Λi, a
contradiction. 
Note that the reductor property for Λ is ”almost” sufficient to make F vR into
a Γ-separated filtration, whereas in Hussein and Van Oystaeyen (1996) this was
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obtained (for Γ = Z) by restricting to connected positively graded K-algebras, that
is, R = K ⊕ R1 ⊕ · · · ⊕ Rn ⊕ · · · = K[R1] and dimK R1 <∞.
Lemma 3.8. If Λ is a graded reductor for R and S is an Ore set in R, then there
is an Ore set S ′ in Λ such that (S ′)−1Λ = S−1R.
Proof. Take S ′ = K×S ∩ Λ, where K× = K − {0}. Since KΛ = R, for every finite
subset {a1, . . . , am} of R there exists a nonzero λ ∈ Ov such that λai ∈ Λ for all
i = 1, . . . , m. It is straightforward to check the Ore condition for S ′ and moreover
(S ′)−1Λ = S−1R is clear as well. 
Corollary 3.9. Suppose that Γ = Z and Gv(R) is a domain. Then the localized
filtration on S−1R derived from F vR, denoted by F vS−1R, is exactly the localized
filtration deriving from mvΛ-adic filtration on Λ.
Similarly to Hussein and Van Oystaeyen (1996, Proposition 2.3) we have the
following
Proposition 3.10. Let R be as before and Λ ⊂ R a graded reductor such that F vR
is Γ-separated. Suppose that R is a prime Goldie ring and R is a domain. Then
(i) Q = Qcl(R) is a skewfield and F
vR extends to a strong filtration on Q such
that F v0Q is a valuation ring of Q containing Ov, that is v extends to Q.
(ii) Q′ = Qg(R), the graded ring of fractions of R, is a gr-skewfield and F vQ
induces a graded valuation on Q′.
For connected positively graded K-algebras, as are all the graded algebras appear-
ing in the non-commutative geometry of Proj, the existence of graded reductors can
be expressed in terms of certain unramifiedness properties.
Let R be a connected positively graded K-algebra with dimR1 = n, X =
{X1, . . . , Xn}, and take pi : K < X >−→ R a presentation of R. If we set
Λ = pi(Ov < X >), then dimkv R1 = n since no elements of degree one in the
gradation of K < X > are in R, the ideal of relations of R. Nevertheless, dimK Rn
and dimkv Rn may be different for n > 1.
Proposition 3.11. Let R be a connected positively graded K-algebra.
(i) If dimK Rn = dimkv Rn for all n ∈ N, then Λ is a graded reductor of R.
(ii) For Γ = Z the converse of (i) holds.
(iii) When moreover R is a Goldie domain, we have that R is a domain and the
mvΛ-adic filtration on R is induced by a valuation filtration on the skewfield
of microfractions of R.
Proof. (i) We have to prove that Λn ⊂ Rn is an Ov-lattice for all n ∈ N. Take
{x1, . . . , xm} a kv-basis of Rn. Then the elements x1, . . . , xm are linearly independent
over K and by hypothesis they form a K-basis of Rn. This shows that Λn contains
a K-basis of Rn. As Λn is a finitely generated Ov-module we can conclude that Λn
is an Ov-lattice in Rn.
(ii) When Γ = Z, each graded component Λn of Λ is a free Ov-module whose rank
equals dimK Rn, as long as Λ is a graded reductor of R.
(iii) In this case mv = piOv, pi ∈ Ov and F
v
nR = pi
−nΛ for all n ∈ Z. F vR is a strong
filtration, hence Gv(R) is strongly graded and its degree zero component Gv(R)0
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equals R which is a domain. Thus Gv(R) is a domain, hence R is a domain too.
Furthermore, in this case we have Gv(R) = R[t, t
−1]. Since R is a Goldie domain,
R[t, t−1] is also a Goldie domain and it has a skewfield of fractions ∆ as well as a
graded skewfield of fractions ∆
g
. The multiplicative set R − {0} has σ(R − {0}) =
Gv(R)− {0} which is an Ore set because Gv(R) is a Goldie domain. Setting S0 =
Λ − {0} we get σ(S0) = Gv(R)≤0 − {0}, where Gv(R)≤0 = ⊕n≤0Gv(R)n = Gv(Λ).
Clearly σ(S0) is an Ore set in Gv(Λ) and σ(S0)
−1Gv(Λ) = Q
g(Gv(R)).
It follows easily that for every p ≥ 1, S maps to an Ore set S(p) of Λ/mpvΛ.
Given s ∈ S0, a ∈ R, the left Ore condition for σ(S0) yields an s
′ ∈ S0, a
′ ∈
R, such that s′a − a′s ∈ mvΛ, say s
′a − a′s = pimb for some b ∈ Λ, m ∈ Z
(here pi is a generator of mv). Now s
′′b − a′′s ∈ mvΛ yields (s
′′s′)a − (s′′a′)s =
pim(a′′s− pim
′
y for some y ∈ Λ, m′ 6= 0. Hence (s′′s′)a− (s′′a′ + pima′′)s = pim+m
′
y.
Consequently the microlocalization Qµ(Λ) of Λ at S0 may be defined by Q
µ(Λ) =
lim
←−
S(p)
−1
(Λ/mpvΛ). Obviously Q
µ(R) = Qµ(Λ) is a skewfield and it has a filtration
whose associated graded ring is ∆
g
, which is a domain and a graded skewfield.
Now we can apply Proposition 3.10 and conclude that the filtration on Qµ(R) is a
valuation filtration. 
4. Lifting from graded to filtered rings
Let A be a filtered K-algebra with a finite filtration FA and Λ ⊂ A a subring. Then
FA induces a filtration FΛ on Λ such that GF (Λ) ⊂ GF (A). The next result shows
that there is a strong connection between graded and F -reductors.
Proposition 4.1. Let A be as before and Λ ⊂ A a subring.
(i) If Λ ⊂ A is an F -reductor, then GF (Λ) ⊂ GF (A) and Λ˜ ⊂ A˜ are graded
reductors.
(ii) If GF (Λ) ⊂ GF (A) or Λ˜ ⊂ A˜ are graded reductors, then Λ ⊂ A is an F -
reductor.
Proof. (i) In order to show that GF (Λ) ⊂ GF (A) is a graded reductor we use Lemma
3.3(i). That Λ˜ ⊂ A˜ is a graded reductor follows immediately by definition.
(ii) By induction using Lemma 3.3(ii). 
Consequently any F -reductor give rise to a graded reductor. On the other side, a
graded reductor is an F -reductor, where FR is the grading filtration.
While the finite dimensional K-algebras have always a reductor, see Van Oys-
taeyen (1975, Proposition 54 and Theorem 56), in the infinite dimensional case the
construction of reductors is not always easy.
Examples 4.2. (i) Consider g a finite dimensional Lie algebra over K and A = U(g)
the enveloping algebra of g. We may define a finite dimensional Lie algebra gOv over
Ov with the same basis and the induced bracket. Let us fix a K-basis {x1, . . . , xn}
for g. We have structure constants λkij ∈ K with [xi, xj ] =
∑n
k=1 λ
k
ijxk. Without
loss of generality we may assume that λkij ∈ Ov (up to multiplying all xi by a
suitable constant in Ov) but not all in mv. Set gOv = Ovx1 + · · · + Ovxn. This
is a Lie Ov-algebra with the induced bracket. Furthermore, gOv is an Ov-lattice
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in g. On g = gOv/mvgOv we define a Lie algebra structure over kv by setting
[xi, xj] =
∑n
k=1 λ
k
ijxk, where the xi are the images of the xi in gOv and λ
k
ij are the
images of λkij in kv. By our assumptions g is not the trivial Lie algebra. Of course,
g depends on the choice of the K-basis in g.
Let Λ = UOv(gOv) be the enveloping algebra of gOv . Consider on A the standard
filtration FA and on Λ the induced filtration FΛ. We have that the filtration FA
is finite, GF (Λ) = Ov[X1, . . . , Xn] is a subring of the polynomial ring GF (A) =
K[X1, . . . , Xn] and obviously it is a graded reductor. Proposition 4.1(ii) shows that
Λ is an F -reductor. Furthermore, the filtration F vA is Γ-separated, Gv(A) is a
domain isomorphic to Ukv(g) and thus we can extend v to D(g) = Qcl(U(g)).
(ii) For the Weyl algebra R = An(K) we take Λ = An(Ov). We claim that Λ is a
graded reductor of R. First note that Λ is a free Ov-module, therefore it defines a
good reduction of R. On the other side, we have that rankOv Λn = dimK Rn for all
n ∈ N, since Λ and R have the same PBW -basis, and so Λ is a graded reductor of
R. It is also an F -reductor since the associated graded ring of An(K) with respect
to the Bernstein filtration is a polynomial ring.
On Gv(A) we define a filtration fGv(A) by putting fnGv(A) = Gv(FnA), n ∈ N.
When GF (Λ) ⊂ GF (A) is a graded reductor we have a valuation filtration f
vGF (A)
on GF (A) given by f
v
γGF (A) = (f
v
γK)GF (Λ), γ ∈ Γ. As in the proof of Proposition
3.7 we can show that the valuation filtration f vGF (A) on GF (A) is Γ-separated,
provided that F vA is Γ-separated.
Corollary 4.3. Let A be as before and Λ ⊂ A an F -reductor such that the filtration
F vA is Γ-separated. Then Gv(GF (A)) is isomorphic to G(A) ∗ Γ and Gf (Gv(A)) =
Gv(GF (A)).
Proof. We have Gv(GF (A)) = ⊕γ∈Γ(f
v
γK)GF (Λ)/(f
v
<γK)GF (Λ) and since GF (Λ) is
Ov-flat we get Gv(GF (A)) = ⊕γ∈Γ(f
v
γK)/(f
v
<γK)⊗Ov GF (Λ). The latter is nothing
else but Gv(K)⊗Ov GF (Λ) = (kv ∗ Γ)⊗Ov GF (Λ) = G(A) ∗ Γ.
The fact that Gf(Gv(A)) equals Gv(GF (A)) follows by the general compatibility
result of Hussein and Van Oystaeyen (1996, Proposition 2.4) or can be verified
directly. 
Proposition 4.4. Let A be as before and Λ ⊂ A an F -reductor such that F vR is
Γ-separated. If G(A) is a domain, then also GF (A), Gv(A) and A are domains.
Proof. By Corollary 4.3 we get that Gv(GF (A)) is a domain. Since all principal
symbol maps involved are multiplicative, we obtain that GF (A) is a domain, hence
A is a domain too. From Gf(Gv(A)) = Gv(GF (A)) we get that Gf(Gv(A)) is a
domain and thus we deduce that Gv(A). 
Now the problem of finding an extending non-commutative valuation is reduced
to finding a reductor in an associated graded ring having a domain for its reduction.
In the following we show that in case the algebras are given by a finite number of
relations we may relate the existence of a reductor to properties of good reduction.
Let A be a filtered K-algebra with a finite filtration FA, n = dimK F1A and assume
that A = K[F1A]. Then we may give A as an epimorphic image of F = K < X >,
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the free K-algebra on the set X = {X1, . . . , Xn}. Say {x1, . . . , xn} is a K-basis
for F1A and pi : K < X >−→ A the canonical K-algebras morphism given by
pi(Xi) = xi, i = 1, . . . , n. The filtration we use on F is the degree filtration (the
total degree in the X1, . . . , Xn). It follows that pi is a strict filtered morphism, i.e.
FnF is taken exactly to FnA by pi. Denote by R the ideal of relations of A, that is
R = ker pi. Then
0 −→ R −→ F −→ A −→ 0 (2)
is a strict exact sequence and therefore we obtain an exact sequence of graded F -
modules 0 −→ R˜ −→ F˜ −→ A˜ −→ 0 by passing to the Rees objects; see Li and
Van Oystaeyen (1995). Also from strict exactness of sequence (2) it follows that
GF(A) = GF (R), where GF(A) is the associated graded ring of A as a filtered
F -module. Thus the sequence 0 −→ G(R) −→ G(F) −→ G(A) −→ 0 is exact in
G(F)-gr. Since the filtration on F stems from its gradation it follows that G(F) ≃ F
and under this isomorphism G(R) corresponds to the ideal R• in F , where R• is
the graded ideal generated by the homogeneous components of highest degrees of
elements of R.
Let us recall Theorem 2.13 from Hussein and Van Oystaeyen (1996).
Theorem 4.5. Let A be as before. If GF (A) reduces well at Ov, then GF (A)
is isomorphic to F/R• where R is generated as a two-sided ideal by a finite set
{p1(X), . . . , pd(X)} of elements of F having as homogeneous parts of highest degree
q1(X), . . . , qd(X) which generate R
• as a two-sided ideal. Moreover A reduces well
at Ov.
Proposition 4.1 and Theorem 4.5 together provide complete information concern-
ing lifting properties from GF (A) to A with respect to the existence of valuation
rings in Qcl(A) (or on some microlocalization in case non-Noetherian or non-Goldie
rings are being considered) extending Ov. Note that for Γ = Z Theorem 4.5 al-
lows ramification of valuations while the reductor property involved in Proposition
4.1 provides only unramified extensions of valuations. The latter is the case in
D(g) = Qcl(g), Weyl algebras (see Van Oystaeyen and Willaert, 1996), Sklyanin
algebras (see Hussein and Van Oystaeyen, 1996) and many more. The generalized
gauge algebras provide an example for the first case.
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